A general analytical approach to the statistical description of quantum graph spectra based on the exact periodic orbit expansions of quantum levels is discussed. The exact and approximate expressions obtained in [5] for the probability distribution functions using the spectral hierarchy method are analyzed. In addition, the mechanism of appearance of the universal statistical properties of spectral fluctuations of quantum-chaotic systems is considered in terms of the semiclassical theory of periodic orbits.
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I. INTRODUCTION
A quantum graph system consists of a quantum particle moving along the bonds of an arbitrary finite graph G [1] . In the classical limit, this system generates a simple stochastic dynamics, which is specified by the translational motion along the bonds of the graph and stochastic scattering at its vertices with preset scattering probabilities. This dynamics has many common features with the dynamics of usual chaotic systems [2] . For example, periodic trajectories in such a system are isolated and their number increases exponentially with the period. At the same time, the statistical behavior of various spectral characteristics of sufficiently complex quantum graphs, e.g. the probability distribution of spacings s n = k n − k n−1 between the nearest levels of the momentum was numerically shown [1] to follow the predictions of the Random Matrix Theory (RMT) [3, 4] , as it is usually the case for classically nonintegrable systems. It also turns out that a great number of problems of classical and quantum dynamics on the graph allow exact solutions, which makes these systems convenient models in the context of the analytical theory of "quantum chaos". In particular, for these systems there exist the exact periodic orbit expansions of the quantum density of states (Gutzwiller formula) [1] along with a similar expansion for the spectral staircase:
HereN (k) is the average number of levels in the range [0, k], L
p is the optical length of the periodic trajectory with the index p, and A p is a certain weight factor explicitly defined in terms of the scattering coefficients at the graph vertices. It should be emphasized that the existence of the explicit expansions of the global characteristics such as (1) is not equivalent to the ultimate solution of the spectral problem, which should provide local information about the individual levels in the form of an explicit dependence k n = k(n). An approach for determining the quantities k n explicitly was proposed in [5] , which is based on using a finite system of r + 2 auxiliary "separators"k
, the first of which is the 2 physical spectral sequence k n =k (0) n , and the last one is a globally defined explicit function of n:k
The key property of these sequences is that they must satisfy the "bootstrapping" conditionŝ
which guarantee that between every pair of the neighboring pointsk
n+1 (see Fig. 1 ) there exists a single pointk (j−1) n . In [5] it was also pointed out that due to certain analytical properties of the spectral determinant ∆(k) = 1 + i a i e ikL (i) , where L (i) , are different linear combinations for the bond lengths l 1 , l 2 , ..., l N B , the setk
n can be provided by the sequence of zeros of the j-th derivative of the function ∆(k) [5, 8] . In this case, the quantity r characterizing the degree of spectral irregularity is defined as the minimal number for which
(1)
Bootstrapping of spectral staircases for separating sequencesk In the simplest case of regular graphs when r = 0 [6, 7] , only one auxiliary sequence (2) is required and various spectral characteristics can be calculated using the formula
As pointed out in [6, 5] , this case corresponds to the situation in which the straight line with the slope L 0 /π, representing the Weyl averageN (k), "pierces" the physical spectral staircase N(k), i.e.,N (k) intersects every stair step of N(k) at the pointsk (1) n .
II. STATISTICAL PROPERTIES OF THE SPECTRA OF REGULAR GRAPHS
Using the Gutzwiller formula in Eq. (4), one can derive the explicit expansions for various spectral characteristics f k n −k n , of the eigenvalues k n around the Weyl average or for the distances between levels s n,m = k n+m −k n .
Such expansions have the form [6, 7] 
where the frequencies ω (0) p are defined via the periodic orbit lengths as, ω
The first term of expansion (5) determines the average value of the quantity f n yields a sequence which is statistically equivalent to the series
Here,C
p andm x in this case is obtained from the expression
where every factor
determines the contribution to the integral from the corresponding periodic orbit p. Thus, Eq. (7) gives the exact expression for the distribution P (0) f in terms of the periodic orbit theory. It is important to point out that the properties of the asymptotic distributions of trigonometric sums of form (6) are one of the traditional areas of research of mathematical statistics (see, e.g., [9, 10] and references therein). In particular, it is known that separate terms (or groups of terms) of lacunary trigonometric series of form (6) can be considered as weakly dependent random variables, for which one can be establish a generalization of the central limit theorem, and consequently their sum is asymptotically Gauss distributed according to
with the variance
The conclusion about the Gaussian form of the distribution of the fluctuations also appears to be applicable to this kind of spectral characteristics expansions of most of the regular quantum graphs (and other scaling systems), which are described by series of form (6) with constant coefficients. A hypothesis about the Gaussian nature of the distribution the spectral staircase fluctuations δN(k) = N(k) −N(k), confirmed by extensive numerical investigations, was previously proposed in [11] as the universal "central limit theorem for spectral fluctuations" applicable to general quantum chaotic systems. Owing to the existence of additional explicit expansions (5) this hypothesis, corroborated by the relation with the theory of weakly dependent random variables (trigonometric sums) can actually be extended to a much wider set of spectral characteristics.
III. APPROXIMATE DESCRIPTION OF THE DISTRIBUTION FUNCTIONS
Since the contributions of individual orbits to the series δf p , that are proportional to the product of the corresponding number of scattering coefficients at graph vertices [6, 7] . This argumentation can be used to simplify the integral for P
f . For example, in a simple approximation the contributions from resonances between different algebraically simple orbits can be disregarded. This is equivalent to untangling of the factors Λ p ′ (x) corresponding to different algebraically simple orbits, i.e., to the introducing an independent set of variables x p ′ for every algebraically simple orbit. In this case, the distribution probability is represented in the form
corresponds to the algebraically simple orbit p ′ and the sum with respect to ν in Eq. (11) is calculated over orbits whose indices are multiples ofm p . For a more crude description of the probability distribution profile, one can disregard the resonances between any distinct orbits, which is equivalent to the introduction of an independent phase x p for every orbit.
Under this assumption, the integral in Eq. (7) is separated into independent integrals and, as a result, we arrive at the simple expression
where J 0 (x) is the zeroth Bessel function. Distributions of form (12) appear in communication theory, for example, when analyzing the intensity of interfering telecommunication channels, the theory of wave propagation in random media, and other fields where stochastic signal models are used [12, 13] . It is also worth noting that, in the approximation of independent random contributions, the conditions of the Lindeberg-Feller theorem and central limit theorem are satisfied, which establish the normal distribution law for the sum of independent random variables. For spectral expansions (6) these conditions on the variances k n −k n , of levels around the average value, which have form (5)
, and the coefficients
or the difference s
and the coefficients
Knowing the distributions of these quantities, one can describe more complex objects such as the correlation function of fluctuations δ
n+m , autocorrelation function R 2 (x), and the form factor K 2 (τ ), given by the expression
where
is the characteristic function of distributions of form (7), (10) or (12), which are obtained from expansion (5) for s m,n with coefficients (14), and thus,
It is important that all above distributions are closed expressions consistently describing the spectral characteristics in terms of periodic orbit theory.
IV. SPECTRAL HIERARCHY
As mentioned above, in general quantum graphs are not regular and so for them the spectral expansions of form (5) 
Here, N (j) (k) corresponds to the spectral staircase of the sequencek
n . Bootstrapping of the
Substituting expansion (1) for
into Eq. (17), and usingk
we obtain the oscillating part ofk
Here, the zeroth term
the amplitudes,
and phases ϕ
with the zeroth term
where ξ
n−1 )/2 and the expansion coefficientsD n from one hierarchy level to another.
V. STATISTICAL DESCRIPTION OF SPECTRAL HIERARCHY
As in the case of the regular graphs, the description of the stochastic properties of sequences such as δ
n,m is based on the observation that parsing through the indices n in the arguments of harmonic functions (19) and (22) leads to the appearance of random variables x. The idea of finding the distribution functions for various spectral characteristics is based on using the structural relations between the separating sequences obtained above in order to relate the probability distributions P As an example, let us consider the behavior of the sequences δ n−1 as independent random variables δ 1 and δ 2 distributed according to P (j) δ . Correspondingly, one can write for the density P (j−1) δ (δ)
Using Eq. (19) and representing the delta functional in exponential form, we obtain
Here, the factors Λ (j)
p (x, δ 1 , δ 2 ) correspond to the terms of expansion (19), which are now explicit functions of fluctuations at preceding hierarchy levels, and * Ω (j) denotes averaging over these fluctuations with the weight
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The expression (25) generalizes regular expansions (7), (10) and (12) for the single-level hierarchy to the general expressions for j > 0, averaged over the disorder at the preceding levels. We note that the argumentation concerning the Gaussian distribution form in Section 2 [9, 10] can be directly applied to the distribution of δ (r)
x at the regular level. However, as shown in Fig. 2 , the distribution of δ (j)
x at higher levels j > 0 is also Gaussian-like. For other spectral characteristics, for example, s n (see Fig. 3 ), the sequence of transitions of form (25) can lead to asymmetric (non-Gaussian) distributions.
VI. DISCUSSION
The method proposed in [5] for solving the spectral problem is based on establishing the structural relationships between the sequence of physical levels k n and the regular sequencê k (r+1) n specified as an explicit functionk (r+1) n =k (r+1) (n). For quantum graphs, the regular sequence is given by (2) and relation to k n is established through the system of auxiliary se-
n , bootstrapping k n withk (r+1) (n). The spectral hierarchy thus obtained consists of the system of sequencesk
n and transition equations (17) fromk
This approach allows not only the description of the evolution of base sequencesk (j) n from low to high hierarchy levels, but also the complete probability description of spectral characteristics in the framework of periodic orbit theory including those that are not directly described by the Gutzwiller formula. In this case, it is possible to follow the development of the scales of spectral fluctuations, distributing disorder over the intermediate hierarchy levels, gradually passing from less to more disordered sequences. While the base sequence is maximally ordered, the amplitude of fluctuations in each next sequencek (j) n increases as the index j decreases, i.e. with the approach to the physical spectrum [5] . The minimum number of auxiliary sequencesk n , see [11] and Fig. 2 ), but also to the appearance of more complex (e.g., Wignerian, see [3] and Fig. 3 ) distributions.
It is also important that determining the fluctuation probabilities in form (25) makes it possible not only to follow the appearance of general, universal statistical relations, but also to describe in detail the specific features of distributions P (j)
f , which present the individual properties of each particular system. Work supported in part by the Sloan-Swartz Foundation.
